Abstract. We show that a free divisor in a complex manifold must be Euler homogeneous in a strong sense if the cohomology of its complement is computed by the complex of logarithmic differential forms. F.J. Calderón-Moreno et al. conjectured this statement and proved it in dimension two.
Introduction
Let X be a complex manifold of dimension n ≥ 1. Let D ⊆ X be a divisor and j : U / / X the inclusion of its complement U := X\D in X. By Grothendieck's Comparison Theorem [Gro67] A holomorphic function f ∈ O X,x is called Euler homogeneous if χ(f ) = f for some χ ∈ Der X,x which is then called an Euler vector field for f . We call f strongly Euler homogeneous if it admits an Euler vector field χ ∈ m X,x · Der X,x . The divisor D is called Euler homogeneous if, for all x ∈ D, (D, x) = (f ) for some Euler homogeneous f ∈ O X,x . We call D strongly Euler homogeneous at x if (D, x) = (f ) for some strongly Euler homogeneous f ∈ O X,x . By strong Euler homogeneity of D we mean strong Euler homogeneity at x for all x ∈ D. Whereas Euler homogeneity is obviously an open condition, strong Euler homogeneity is not. For example, D = (z(x 4 + xy 4 + y 5 )) ⊆ 3 is strongly Euler homogeneous at 0, with Euler vector field χ = z∂ z , but not at the other points of the z-axis by Lemma 11 and K. Saito [Sai71] .
The divisor D is called locally quasi-homogeneous if, for all x ∈ D, (D, x) is defined by a quasi-homogeneous polynomial with respect to strictly positive weights in some local coordinate system centered at x. Local quasi-homogeneity obviously implies (strong) Euler homogeneity. By K. Saito [Sai71] , the three properties are equivalent if D has only isolated singularities. By F.J. Castro-Jiménez et al. [CNM96] , local quasi-homogeneity implies LCT for free divisors. K. Saito [Sai80, §3] constructed the logarithmic stratification of a divisor by integration along logarithmic vector fields. In his language, a divisor is holonomic if this stratification is locally finite or, equivalently, its logarithmic characteristic variety is of minimal dimension n [Sai80, 3.18]. Free holonomic divisors were later called Koszul free [CM99, 4.1.1]. For example, the free divisor D = (xy(x + y)(xz + y)) ⊆ 3 fulfils LCT but is not Koszul free since any point of the z-axis is a logarithmic stratum.
Theorem 1 completes the following diagram of implications and non-implications for a free divisor [CN02, §6] .
The following conjecture by T. Torrelli [Tor04, 1.11] forms a link between the Logarithmic Comparison Theorem and D-module theory. 
, the latter equality is locally equivalent to the condition on the annihilator in Conjecture 2. In particular, Conjecture 2 holds for Koszul free divisors. By T. Torrelli [Tor04, 1.8 
Proof of the Theorem
Let D ⊆ X be a free divisor and x ∈ D. We choose a coordinate system
..,n be the Stein open covering of V * := V \{x} defined by V i := {x ∈ V | x i = 0} and U its restriction to V \D. Our starting point is a necessary condition for LCT for free divisors due to F.J. Calderón-Moreno et al. [CMNC02, §2] . Its proof relies on the comparison of the four spectral sequences arising from the two double complexesČ 
We first give a more explicit description of the map d 1 in Theorem 3. Since V is a Stein open covering of V * , one can identify
denotes the ring of Laurent series in x 1 , . . . , x n . In the following, we denote classes in H by square brackets, the ith unit vector by e i , and the sum of unit vectors by 1 := n i=1 e i . We shall use the following consequence of the definition of H which is illustrated in Figure 1 for n = 2.
n ] and α ∈ n such that g β = 0 for all β ∈ n with |β| < |α|. Then 
and, since δ is a basis,
We shall only make use of the following consequence of Theorem 3.
Corollary 5. If LCT holds for a free divisor
The proof of Theorem 1 splits into two parts depending on whether D is a product with a smooth factor. If it is, we shall conclude by induction on the dimension, if not, by Corollary 5 and a direct computation. We first characterize this property algebraically. In the following, we abbreviate
We may clearly assume that that δ = n i=1 a i with a 1 , . . . , a n−1 ∈ m and a n = 1. Then δ(f ) = O · f can be rewritten to
By K. Saito [Sai80, 3.5] , this implies that the integral of δ defines an isomorphism
The converse implication is obvious.
We shall use the following reformulation of the definition of Euler homogeneity.
Then f is Euler homogeneous if and only if
In case D is not a product with a smooth factor, a direct computation shows, using Corollary 5, that LCT implies strong Euler homogeneity. By Lemma 4, this implies that
In particular, LCT implies Euler homogeneity for free divisors by Corollary 5 and Lemmata 6 and 8.
In case D is a product with a smooth factor, we proceed by induction on the dimension. By Proof of Theorem 1. We proceed by induction on the dimension n of X. The case n = 1 is trivial and the case n = 2 holds by [CMNC02, 3.5]. Let n ≥ 3 and assume that the claim holds in dimension strictly less than n. If D is a product with a smooth factor, the claim holds by induction hypothesis and Lemma 10, otherwise, by Corollary 5 and Lemmata 6 and 8.
In the proof of Theorem 1, we use the obvious fact that (strong) Euler homogeneity is preserved by adding smooth factors. Whereas the converse statement is false for Euler homogeneity by Remark 9, it holds for strong Euler homogeneity. Proof. Let f ′ ∈ O X ′ such that D ′ = (f ′ ) and assume that D is strongly Euler homogeneous at x. Then χ(uf ′ ) = uf ′ for some χ ∈ m · Der(− log D) and u ∈ O * . We write χ = χ 0 + a n ∂ n and u = u 0 + vx n where χ 0 ∈ m · Der X ′ , a n ∈ m, u 0 ∈ O * X ′ , and v ∈ O. Then u 0 f ′ ≡ χ(u 0 f ′ ) = (χ 0 + a n ∂ n ) (u 0 + vx n )f ′ ≡ χ 0 (u 0 f ′ ) + a n vf ′ mod O · x n .
Since a n ∈ m, u 0 − a n v ∈ O * and hence (u 0 − a n v)
By setting x n = 0, this implies strong Euler homogeneity of D ′ = (u 0 f ′ ) at x. The converse implication is obvious.
